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Dissipation induced macroscopic entanglement in an open optical lattice
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We introduce a method for the dissipative preparation of strongly correlated quantum states of
ultracold atoms in an optical lattice via localized particle loss. The interplay of dissipation and
interactions enables different types of dynamics. This ushers a new line of experimental methods to
maintain the coherence of a Bose-Einstein condensate or to deterministically generate macroscopi-
cally entangled quantum states.
PACS numbers: 03.67.Gg, 03.65.Yz, 03.75.Lm
I. INTRODUCTION
Decoherence and dissipation, caused by the irreversible
coupling of a quantum system to its environment, repre-
sent a major obstacle for a long-time coherent control of
quantum states. Sophisticated methods have been de-
veloped to maintain coherence in open quantum systems
with applications in quantum control and quantum infor-
mation processing [1, 2]. Only recently a new paradigm
has been put forward: Dissipation can be used as a pow-
erful tool to steer the dynamics of complex quantum sys-
tems if it can be accurately controlled. It was shown
that dissipative processes can be tailored to prepare ar-
bitrary pure states [3, 4] or to enable universal quantum
computation [5]. Several methods have been proposed
to dissipatively generate entangled states [6, 7]. How-
ever, most proposals rely on rather special dissipation
processes, such that a sophisticated control of the cou-
pling of system and environment must be realized.
In this letter we propose a scheme to create macroscop-
ically entangled quantum states of ultracold atoms based
on localized particle loss. This process can be readily
realized in ongoing experiments with optical lattices en-
abling a single-site access [8–13]. The generated quantum
states show remarkable statistical properties: The atoms
relax to a coherent superposition of bunches localized at
different lattice positions. These states generalize the so-
called NOON states enabling interferometry beyond the
standard quantum limit [14, 15]. Furthermore, they may
serve as a distinguished probe of decoherence and the
emergence of classicality. As particle loss is an elemen-
tary and omnipresent dissipation process, this method
may be generalized to a variety of open quantum sys-
tems well beyond the dynamics of ultracold atoms.
II. PARTICLE LOSS IN AN OPTICAL LATTICE
The coherent dynamics of bosonic atoms in an opti-
cal lattice is described by the Bose-Hubbard Hamiltonian
[16]
Hˆ = −J
∑
j
(
aˆ†j+1aˆj + aˆ
†
j aˆj+1
)
+
U
2
∑
j
aˆ†j aˆ
†
j aˆj aˆj , (1)
where aˆj and aˆ
†
j are the bosonic annihilation and creation
operators in the jth well. We set ~ = 1, thus measuring
all energies in frequency units. Throughout this letter we
assume periodic boundary conditions.
We analyze the dynamics of ultracold atoms induced
by particle loss from a single lattice site acting in con-
currence with strong atom-atom interactions. Single site
access can be implemented optically either by increasing
the lattice period [8, 9] or by pushing the resolution of
the optical imaging system to the limit [10, 11]. Detec-
tion and coherent manipulation of the atoms with off-
resonant light have been demonstrated, whereas a con-
trollable particle loss can be implemented with a strong
resonant blast laser in a straightforward way. An even
higher resolution can be realized by a focussed electron
beam ionizing atoms which are then removed from the
lattice [12, 13]. This can be used for the detection of
single atoms as well as for an incoherent manipulation of
the quantum dynamics in the lattice [17–19].
In addition to this tunable source of dissipation, phase
noise can limit the coherence in the lattice [20–23]. The
dynamics of the atoms is then described by a quantum
master equation [2, 18, 19, 24, 25]
˙ˆρ = −i[Hˆ, ρˆ]−
κ
2
∑
j=1,2
(
nˆ2j ρˆ+ ρˆnˆ
2
j − 2nˆj ρˆnˆj
)
−
1
2
∑
j
γj
(
aˆ†j aˆj ρˆ+ ρˆaˆ
†
j aˆj − 2aˆj ρˆaˆ
†
j
)
, (2)
where γj is the loss rate at the jth site, nˆj = aˆ
†
j aˆj are the
number operators and κ is the rate of phase noise. We
analyze the effects of decoherence in Fig. 2, otherwise we
set κ = 0. Numerical simulations are carried out using
the quantum jump method [26] for small systems and the
truncated Wigner method [27] for large lattices.
III. DISSIPATION INDUCED MACROSCOPIC
ENTANGLEMENT
We first consider the dynamics of ultracold atoms in
a triple-well trap as illustrated in Fig. 1 (a), where a
numerically exact solution is still possible for reasonable
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FIG. 1: Dissipative generation of a macroscopically entangled breather state in an open Bose-Hubbard trimer. (a) Schematic
drawing of the system. (b) Evolution of the phase coherence g
(1)
1,3(t) for the symmetric initial state |Ψ+〉 (dashed line), the anti-
symmetric initial state |Ψ
−
〉 (solid line), and the Fock state |ΨF 〉 (dash-dotted line). (c,d) Evolution of the number fluctuations
g
(2)
1,1(t) and correlations g
(2)
1,3(t). (e,f) Analysis of the final state at t = 10J
−1 for the anti-symmetric initial state |Ψ
−
〉. (e) The
full counting statistics in the first well. (f) The density matrix elements ρ(n1, 0, n − n1;m1, 0, n −m1) for n = 50 reveals the
coherence of the breather state. (g) Matter wave interferometry of the breather state. Plotted is the probability to detect an
even number of atoms at site 1. Parameters are U = 0.1J , γ2 = 0.2J , γ1 = γ3 = 0 and N(0) = 60.
atom numbers. We analyze the quantum state of the
atoms characterized by the correlation functions
g
(1)
j,ℓ =
〈aˆ†j aˆℓ〉√
〈nˆj〉〈nˆℓ〉
and g
(2)
j,ℓ =
〈nˆj nˆℓ〉
〈nˆj〉〈nˆℓ〉
. (3)
The first-order correlation function g(1) measures the
phase coherence between two wells, while g(2) gives the
number fluctuations or number correlations between dif-
ferent wells. The evolution of these functions is plotted
in Fig. 1 (b-d) for three different initial states, a pure
Bose-Einstein condensate (BEC) with (anti-)symmetric
wave function |Ψ±〉 ∼ (aˆ
†
1± aˆ
†
3)
N |0, 0, 0〉 and a Fock state
|ΨF 〉 = |N/2, 0, N/2〉, respectively. In all cases we as-
sume strong atom-atom interactions U = 0.1J , such that
UN > J . For the symmetric initial state |Ψ+〉, all corre-
lations remain close to the initial values indicating that
the BEC remains approximately pure for all times. More
precisely, the quantum state is approximately given by a
superposition of pure product states |Ψn〉 = |ψ1〉
⊗n with
different atom numbers n, where all atoms occupy the
same single-particle state |ψ1〉. The atoms decay from
the lattice in an uncorrelated way, which is well described
by mean-field theory [18, 19]. Another more subtle effect
is that localized particle loss can maintain or even restore
the purity of a condensate as non-condensed atoms are
rapidly removed from the lattice [28, 29].
In contrast, the anti-symmetric initial state |Ψ−〉 is
dynamically unstable such that the condensate is rapidly
destroyed and phase coherence is lost. The nature of the
emerging quantum state is revealed by the g(2)-function:
Number fluctuations strongly increase while the correla-
tions decrease. This shows that the atoms start to bunch
at one lattice site while the other sites are essentially
empty. A similar dynamics is found for the Fock state
|ΨF 〉, however the number anti-correlations are less pro-
nounced and the equilibration to the final state takes a
longer time. The emerging state is called a breather state
in the following in analogy to localized modes in nonlin-
ear lattices [30, 31].
The full counting statistics of the atoms shown in Fig. 1
(e) clearly reveals that the atoms relax either to site 1
or to site 3, leaving site 2 essentially empty. Most in-
terestingly, these two contributions are phase coherent,
which is confirmed by an analysis of the density matrix
of the atoms. Figure 1 (f) shows the matrix elements
ρ(n1, 0, n− n1;m1, 0, n−m1) for n = 50, the most prob-
able value of the atom number at t = 10J−1. Full co-
herence is observed between the contributions with small
and large atom number at site 1, i.e. n1 ? 0 and n1 > 50.
The breather states generated by this protocol gen-
eralize the so-called NOON states |n, 0, 0〉 + eiϑ|0, 0, n〉
which enable precision interferometry beyond the stan-
dard quantum limit [15]. Breather states can be written
as a superposition of states of the form
|n1, n2, n− n1 − n3〉+ e
iϑ|n− n1 − n3, n2, n1〉. (4)
The number of atoms n varies, but the coherence of wells
1 and 3 is guaranteed, which is sufficient for precision
interferometry. We consider an interferometric measure-
ment, where the modes (lattice sites) 1 and 3 are mixed as
given by the time evolution operator Uˆ = exp(−iHˆmixt)
with Hˆmix = iJ(aˆ
†
1aˆ3 − aˆ
†
3aˆ1), assuming that interac-
tions and loss are switched off. In analogy to the parity
observable [14], we record the probability Peven(t) to de-
tect an even number of atoms in lattice site 1, which is
shown as a function of time in Fig. 1 (g). We find that
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FIG. 2: Entanglement and decoherence of a breather state
in a triple-well trap. (a) Evolution of the entanglement pa-
rameter (5) for κ = 0 and three different initial states, |Ψ+〉
(dashed line), |Ψ
−
〉 (solid line), and |ΨF 〉 (dash-dotted line),
and for |Ψ
−
〉 in the presence of modest phase noise, κ = 10−4J
(dotted line) and N(0) = 60. (b) Maximum of the entangle-
ment parameter maxtE1,3(t) as a function of the noise rate κ
for the anti-symmetric initial state |Ψ
−
〉 and different parti-
cle numbers. The remaining parameters are the same as in
Fig. 1.
Peven approaches unity periodically, which proves that
the breather states are fully phase coherent and thus en-
able quantum interferometry as ordinary NOON states.
Breather states are readily generated for large particle
numbers, which is notoriously difficult using other meth-
ods (see, e.g., [32]).
IV. ENTANGLEMENT AND DECOHERENCE
The atoms in a breather or NOON state are strongly
entangled: If some atoms are measured at one site, then
the remaining atoms will be projected to the same site
with overwhelming probability. To unambiguously de-
tect this form of multi-partite entanglement, we analyze
the variance of the population imbalance ∆(nˆ3 − nˆ1)
2,
which scales as ∼ N2 for a breather state, while it is
bounded by N for a pure product state, N being the to-
tal atom number. Given a pure state decomposition of
the quantum state ρˆ = L−1
∑L
a=1 |ψa〉 〈ψa|, we introduce
the entanglement parameter
Ej,k := 〈(nˆj − nˆk)
2〉 − 〈nˆj − nˆk〉
2 − 〈nˆj + nˆk〉 (5)
−
1
2L2
∑
a,b
[〈nˆj − nˆk〉a − 〈nˆj − nˆk〉b]
2 ,
for the wells (j, k), where 〈·〉a,b denotes the expectation
value in the pure state |ψa,b〉. Such a pure state decompo-
sition is automatically provided by a quantum jump sim-
ulation [26]. The last term in the parameter E corrects
for the possibility of an incoherent superposition of states
localized at sites 1 and 3. For a separable quantum state
one can show that Ej,k < 0 such that a value Ej,k > 0 un-
ambiguously proves entanglement of the atoms. A proof
is given in the appendix.
As shown in Fig. 2 (a), E1,3(t) rapidly relaxes to a
large non-zero value for a Fock or an anti-symmetric ini-
tial state, which is maintained during the full duration
z
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FIG. 3: Semiclassical interpretation of breather state forma-
tion. (a) Classical trajectories starting close to the symmetric
state (α1, α2, α3) = (1, 0, 1)/
√
2 (red) and the anti-symmetric
state (1, 0,−1)/√2 (blue). (b) Meta-stable classical states as
a function of the interaction strength. Plotted is the relative
occupation at site 1. The icons on the right illustrate the pop-
ulation at the three sites and the dynamical stability of these
states. Breathers emerge for UN > 0.4J , N being the total
atom number. (c-f) The quantum dynamics of the Q func-
tion follows the classical phase space trajectories. (c,e) A BEC
with a symmetric wave function |Ψ+〉 remains approximately
pure. (d,f) A BEC with an anti-symmetric wave function|Ψ
−
〉
is coherently split into two parts forming the breather state.
The Husimi function Q(α1, α2, α3) is plotted as a function
of the population imbalance z = (|α3|2 − |α1|2)/N and the
relative phase φ3 − φ1 for α2 = 0 and |α1|2 + |α3|2 = N .
Parameters as in Fig. 1.
of the simulation. This proves the deterministic genera-
tion of a meta-stable macroscopically entangled quantum
state by localized particle dissipation. Furthermore, en-
tangled breather states provide a sensitive probe for en-
vironmentally induced decoherence. Figure 2 (b) shows
the maximum value of E1,3(t) realized in the presence of
phase noise. Entanglement decreases with the noise rate
κ, in which breather states with large particle numbers
are most sensitive. However, entanglement persists up to
relatively large values of κ ≈ 10−2J in all cases.
V. SEMICLASSICAL INTERPRETATION
The formation of breather states can be understood to
a large extent within a semi-classical phase space picture.
Any quantum state can be represented by a quasi distri-
bution function on the associated classical phase space
without loss of information [2]. In the following, we con-
4sider the Husimi function defined as Q(α1, α2, α3; t) =
〈α1, α2, α3|ρˆ(t)|α1, α2, α3〉, where |αj〉 is a Glauber co-
herent state in the jth well. The dynamics of these dis-
tribution functions is to leading order given by a classical
Liouville equation,
∂Q
∂t
= −
∑
j
( ∂
∂αj
α˙j +
∂
∂α∗j
α˙∗j
)
Q+ noise. (6)
Therefore the ‘classical’ flow provides the skeleton of the
quantum dynamics of the Husimi function, whereas the
quantum corrections vanish with increasing particle num-
ber as 1/N [33]. Figure 3 (a) illustrates the ’classical’ dy-
namics which is given by the dissipative discrete Gross-
Pitaevskii equation (DGPE)
iα˙j = −J(αj+1 − αj−1) + U |αj |
2αj − iγjαj/2 . (7)
The figure shows the evolution of the population im-
balance z = (|α3|
2 − |α1|
2)/N and the relative phase
∆ϕ = ϕ3 − ϕ1, where αj = |αj |e
iϕj , for three differ-
ent initial values. The trajectory with ∆ϕ = 0 (red) is
dynamically stable, such that it remains in the vicinity
of the point (z,∆ϕ) = (0, 0) for all times. In contrast,
trajectories starting close to (z,∆ϕ) = (0, pi) converge
to regions with either z > 0 or z < 0. These regions
correspond to self-trapped states, which are known from
the non-dissipative case [8, 34, 35]. For γ2 > 0, these
states become attractively stable, which enables the dy-
namic formation of breather states. Self-trapping oc-
curs only if the interaction strength exceeds the criti-
cal value Ucr = 0.4 JN
−1 for the bifurcation shown in
Fig. 3 (b). The anti-symmetric state (z,∆ϕ) = (0, pi)
becomes unstable, whereas two attractively stable self-
trapping states emerge. The symmetric state remains
marginally stable for all values of U .
The corresponding quantum dynamics is shown in
Fig. 3 (c-f). The Husimi functions of the symmetric
initial state |Ψ+〉 and the anti-symmetric initial state
|Ψ−〉 are localized around (z,∆ϕ) = (0, 0) and (z,∆ϕ) =
(0, pi), respectively, as shown in Fig. 3 (c,d). As pre-
dicted by the DGPE, the symmetric state |Ψ+〉 remains
localized around (z,∆ϕ) = (0, 0) for all times. On the
contrary, the Husimi function of the anti-symmetric state
|Ψ−〉 flows to the self-trapping regions, such that the final
state is a superposition of two fragments with z > 0 and
z < 0 – a breather state (cf. Fig. 3 (e)). The semi-classical
picture predicts the fragmentation of the condensate but,
of course, cannot assert the coherence and thus the en-
tanglement of the fragments which is a genuine quantum
feature. However, it correctly predicts the critical inter-
action strength for the emergence of breather states.
VI. EXTENDED LATTICES
The entanglement protocol can be straightforwardly
generalized to extended optical lattices, such that a real-
ization is readily possible in ongoing experiments. First,
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FIG. 4: Generation of breather states in an optical lattice by
localized atom loss. (a) Scheme of a possible experiment.
(b,d) The presence of large number fluctuations g
(2)
j,j (t) >
1 (dashed blue lines) and anti-correlations g
(2)
j,j+2(t) < 1
(solid red lines) indicates a breather state. (c)The criterion
Ej,j+2 > 0 unambiguously proves the entanglement of the
atoms (cf. Eq. (5)). (e) The number fluctuations g
(2)
j,j (t) in-
crease after a short transient period for all lattice sites j in a
similar way. Results are shown for (b,c) a small lattice with
M = 5 sites and j = 3, U = J , γ1 = 0.2J , and N(0) = 16
(solid lines) and (d,e) an extended lattice with M = 50 sites
and j = 25, UN(0) = 25J , γ1 = 2J , and N(0)/M = 1000
(dashed lines). The initial state is a pure BEC prepared at
the band edge.
a BEC is moved at constant speed [36] or accelerated
[37] to the edge of the first Brillouin zone such that
the quantum state of the atoms at t = 0 is given by
|Ψ(0)〉 ∼ (
∑
j ψj aˆ
†
j)
N |0〉 with ψj ∼ (−1)
j . Then the
atoms evolve freely according to the Master equation (2)
subject to particle loss from lattice site j = 1 as illus-
trated in Fig. 4 (a). We simulate the dynamics for a
small lattice withM = 5 sites and for an extended lattice
with M = 50 assuming periodic boundary conditions. In
the latter case we use the truncated Wigner method [27],
which is especially suited for the large filling factors con-
sidered here and describes the deviation from a pure BEC
state in contrast to a simple mean-field approach.
As a fingerprint for the dynamical generation of
breather states we analyze the evolution of the number
correlation functions as shown in Fig. 4 (b,d). After a
short period of equilibration, the number fluctuations
strongly increase, while the number correlations to the
next-to-nearest neighboring site decrease. A similar pic-
ture emerges if we plot the g
(2)
j,j functions for different lat-
tice sites as in Fig. 4 (e). As above, this fact shows that
the atoms start to bunch in one or more breathers while
5the remaining lattice sites are essentially empty. In large
lattices, breathers generally extend over more than one
lattice site, such that anti-correlations g
(2)
j,k < 1 are ob-
served only for the next-to-nearest neighbors |j − k| ≥ 2.
The position of these breathers is random due to quan-
tum fluctuations. Hence, the final quantum state is a
superposition of breathers at different sites, a macroscop-
ically entangled state. The rapid increase of the entan-
glement parameter (5) shown in Fig. 4 (c) unambiguously
prooves the presence of many-particle entanglement for
a small lattice with five sites. For long times E3,5(t)
tends to zero again, simply because all atoms have de-
cayed from the lattice. Breathers appear only when the
interaction strength Un exceeds a critical value, which
can be infered from semiclassical arguments. This tran-
sition can be interpreted as a dynamical phase transition
[31] and will be analyzed in detail in a forthcoming article
[38].
VII. CONCLUSION
Engineering dissipation is a promising new direction
in the control of complex quantum systems. We have
shown that an elementary dissipation process, the local-
ized loss of particles, together with repulsive interactions,
is sufficient to create macroscopically entangled states of
ultracold atoms in optical lattices. The quantum state
is a coherent superposition of atoms bunched at differ-
ent lattice sites. We have discussed the properties of
these ‘breather states’ in detail, including entanglement,
decoherence and applications in precision quantum in-
terferometry. A semiclassical interpretation of breather
state formation has revealed the connection to a classical
bifurcation of the associated mean-field dynamics.
Breather states are significantly different from
squeezed entangled states, where interactions reduce
(‘squeeze’) the number variance in a well of the lattice
[9, 39]. In a breather state, a well is either occupied
by a large number of atoms or empty, giving rise to a
large number variance. The entanglement enables preci-
sion metrology beyond the standard quantum limit using
protocols introduced for optical NOON states.
The introduced protocol can be readily implemented
experimentally with ultracold atoms in optical lattices.
Localized access to the lattice can be realized either op-
tically or by a focussed electron beam [8–13]. Macroscop-
ically entangled breather states are then formed dynami-
cally as meta-stable states of the dissipative quantum dy-
namics. This protocol is very favorable as no fine-tuning
of parameters is needed and the entanglement persists as
long as enough atoms remain in the lattice. As parti-
cle loss is an elementary dissipation process, the effects
discussed here may be important for a variety of differ-
ent physical systems, as for instance, optical fiber exper-
iments [40].
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VIII. APPENDIX
In this appendix we present a detailed derivation of
the entanglement criterion (5). This result generalizes
established entanglement criteria in terms of spin squeez-
ing [39] and is derived in a similar way. In contrast to spin
squeezing inequalities, it shows that a state is entangled
if the varianace (5), defined in the text, is larger than a
certain threshold value. We assume that the many-body
quantum state ρˆ is decomposed into a mixture of pure
states
ρˆ =
∑
a
paρˆa =
∑
a
pa|ψa〉 〈ψa| , (8)
where every pure state ρˆa = |ψa〉 〈ψa| has a fixed par-
ticle number Na. Now we proof that the entanglement
parameter (5) is negative, Ej,k < 0, for every separable
state such that a value Ej,k > 0 unambiguously reveals
the presence of many-particle entanglement.
We start with pure states ρˆa. If such a pure state ρˆa is
separable, it can be written as a tensor product of single
particle states
ρˆa = ρˆ
(1)
a ⊗ ρˆ
(2)
a ⊗ · · · ⊗ ρˆ
(Na)
a . (9)
We furthermore introduce the abbreviation Sˆ± := nˆj ±
nˆk. This operator is also written as a tensor product of
single-particle operators
Sˆ± =
N∑
r=1
1l ⊗ · · · ⊗ 1l ⊗ sˆ
(r)
± ⊗ 1l ⊗ · · · ⊗ 1l , (10)
where the superscript (r) denotes that the single-particle
operator sˆ
(r)
± acts on the rth atom. The single-particle
operators are given by sˆ± = |j〉 〈j| ± |k〉 〈k|, where |j〉 is
the quantum state where the particle is localized in site
j.
For a separable pure state ρˆa, the expectation values
of the population imbalance 〈Sˆ−〉a = tr[ρˆaSˆ−] and its
6square can be expressed as
〈Sˆ−〉=
N∑
r=1
tr
[
ρ(r)sˆ
(r)
−
]
, (11)
〈Sˆ2−〉=
N∑
r 6=q
tr
[
(ρ(r) ⊗ ρ(q))(sˆ
(r)
− ⊗ sˆ
(q)
− )
]
(12)
+
N∑
r=1
tr
[
ρ(r)sˆ
(r)2
−
]
=
N∑
r,q=1
tr
[
ρ(r)sˆ
(r)
−
]
tr
[
ρ(q)sˆ
(q)
−
]
−
N∑
r=1
tr
[
ρ(r)sˆ
(r)
−
]
tr
[
ρ(r)sˆ
(r)
−
]
+
N∑
r=1
tr
[
ρ(r)sˆ
(r)2
−
]
=〈Sˆ−〉
2 +
N∑
r=1
tr
[
ρ(r)sˆ
(r)2
−
]
−
{
tr
[
ρ(r)sˆ
(r)
−
]}2
.
Using tr[ρ(r)sˆ
(r)2
− ] = tr[ρ
(r)sˆ
(r)
+ ] we thus find that every
pure products state ρˆa satisfies the condition
〈Sˆ2−〉a − 〈Sˆ−〉
2
a ≤ 〈Sˆ+〉a . (13)
If the total quantum state ρˆ is separable, such that it
can be written as a mixture of separable pure states (8),
the expectation values are given by
〈Sˆ2−〉 =
∑
a
pa〈Sˆ
2
−〉a ≤ 〈Sˆ+〉+
∑
a
pa〈Sˆ−〉
2
a
〈Sˆ−〉
2 =
∑
a,b
papb〈Sˆ−〉a〈Sˆ−〉b (14)
=
∑
a
pa〈Sˆ−〉
2
a −
1
2
∑
a,b
papb
[
〈Sˆ−〉a − 〈Sˆ−〉b
]2
.
We thus find that every separable quantum state satisfies
the following inequality for the variance of the population
imbalance Sˆ−:
〈Sˆ2−〉 − 〈Sˆ−〉
2 ≤ 〈Sˆ+〉+
1
2
∑
a,b
papb
[
〈Sˆ−〉a − 〈Sˆ−〉b
]2
.
(15)
This inequality for separable states can be rewritten as
Ej,k < 0 in terms of the entanglement parameter (5).
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